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FORANARTICULATEDROTOR 
By Julian L. Jenkins, Jr. 
Langley Research Center 
SUMMARY 
The blade-motion stability and response sensitivity of a fully articulated rotor 
(flapping and lead-lag degrees of freedom) is examined by using a numerical solution to 
the coupled, nonlinear, rigid-blade equations of motion. The effect of initial conditions 
on the tip-speed ratio for divergent motion is indicated by varying the initial azimuth 
angle for introducing a disturbance and by varying the disturbance amplitude at the criti- 
cal azimuth angle. 
Methods of extending the divergence boundary of an articulated rotor a r e  examined. 
The effects of blade-root pocket cutout, hinge restraint (spring and damping), flapping- 
hinge cant angle, and hinge offset a r e  evaluated individually and a representative com- 
bination of these parameters was chosen to indicate the overall effectiveness on blade- 
motion stability and response. 
INTRODUCTION 
Current efforts to extend the speed capability of rotary-wing aircraft  by the addi- 
tion of wings and auxiliary propulsive devices and high-speed designs which require the 
rotor to be stopped in flight a r e  rapidly increasing the operating tip-speed ratios of the 
rotor. Tip-speed ratios in excess of 0.5 have been reached on some compound helicop- 
t e r s  and the stopped rotor must, of course, operate through the entire range of tip-speed 
ratios. 
Rotor operation at high tip-speed ratios increases the concern over problems of 
rotor stability in all the degrees of freedom and, consequently, more effort is being 
expended to evaluate rotor stability. 
since many studies have indicated that rotor-blade motion can become divergent at high 
tip-speed ratios. (See, for example, refs. 1 to 3.) Although reference 3 indicated the 
possibility of divergent blade motions, it was not intended as a comprehensive study of 
Of particular concern is the blade-motion stability, 
the blade-motion stability problem and did not examine the methods available for 
extending the boundaries established. 
The purpose of this report is to examine the effect on blade-motion stability of the 
initial conditions used to excite the motion and the effectiveness of parameters available 
to the designer in extending the stability limits. Also explored is the significance of the 
extended stability limits in terms of blade-motion response at more conventional tip- 
speed ratios. This study uses the programed equations of an articulated rotor blade 
with flapping and lagging degrees of freedom which were derived and presented in 
reference 4. 
SYMBOLS 
C blade section chord, feet (meters) 
offset of center line of flapping hinge from center line of rotor shaft, el 
feet (meters) 
e2 offset of center line of lead-lag hinge from center line of flapping hinge, 
feet (meters) 
et = e l  + e2, feet (meters) 
IF 
Ih 
KSF 
KSL 
m 
R 
r 
equivalent mass moment of inertia of blade about flapping hinge, 
le: m(r - e1)2dr, slug-feet2 (kilogram-metera) 
mass moment of inertia of blade about lead-lag hinge, 1" m(r - et)2dr, slug-feet2 (kilogram-meter2) 
et 
flapping spring constant, pound-foot/radian (newton-meter/radian) 
lag spring constant, pound-foot/radian (newton-meter/radian) 
mass per unit radius, slugs/foot (kilograms/meter) 
blade radius, feet (meters) 
distance measured along blade from axis of rotation to blade element, 
feet (meters) 
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V 
radius of blade-root pocket cutout, that is, radius at which lifting surface 
of blade begins, feet (meters) 
velocity along flight path, feet/second (meterslsecond) 
xc = rc/R 
xt = et/R 
x,y,z orthogonal coordinate axes 
ol, angle between shaft axis and plane perpendicular to flight path, positive 
when axis is pointing rearward, deg 
P blade flapping-hinge angle with respect to shaft at particular azimuth posi- 
tion, radians 
first derivative of p with respect to time, radians/second 
pcR4 mass constant of rotor blade, -
Ih 
blade flapping-hinge cant angle, degrees 
blade leading angle at particular azimuth position, radians 
ratio of added damping to critical damping 
mass density of air, slugs/cubic foot (kilograms/meter3) 
blade azimuth angle measured from downwind position in direction of 
rotation, degrees 
natural frequency, radians/second 
rotor angular velocity, radians/second 
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Subscripts: 
F 
0 
S 
referred to flapping hinge 
referred to lead-lag hinge 
initial condition 
referred to shaft 
ANALYSIS AND VARIABLES 
The generalized rotor hub system is presented in figure 1. The blade is fully 
articulated with flapping and lead-lag degrees of freedom. 
tions of motion require that the lag hinge be coincident with or outboard of the flapping 
hinge. The flapping-hinge cant angle may be varied and both springs and dampers may 
be added to either hinge point. Blade mass factor, blade-root pocket cutout, and blade- 
section airfoil characteristics may also be varied. A more complete description of the 
hub system and equations is presented in reference 4. The analysis assumes a rigid 
blade, uniform inflow, and the applicability of two-dimensional airfoil characteristics. 
The constraints on the equa- 
Method of Analysis 
The procedure used herein to determine stability characteristics is the same as 
that described in reference 4; that is, the blade was disturbed by releasing it with an ini- 
tial flapping displacement Po, at a particular azimuth position Q0, and the transient 
solution to the equations was obtained. The parameters which would produce a steady- 
state forced response such as blade twist, collective and cyclic pitch, and angle of attack 
were kept at zero so that the final response for the flapping motion would be zero for a 
stable condition. In other words, the solutions obtained a r e  essentially those which would 
occur if an unloaded rotor were disturbed by a step increase in blade flapping angle with 
respect to the shaft. 
The limits established a r e  intended to indicate stability trends and do not indicate 
In this regard, the boundaries indicate motion where one or 
the boundary for acceptable rotor operation because of the large amplitudes which a r e  
permitted for stable cases. 
both of the angles ( p  or <) exceeded 90'. 
The procedure was to select a rotor configuration and progressively increase tip- 
speed ratio until the blade motion diverged when released at an azimuth angle of 90° with 
a 0.2-radian initial displacement on the flapping angle p. In order to minimize the 
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effects of compressibility, the rotational speed of the rotor was reduced as airspeed was 
increased in order to maintain an advancing tip Mach number of 0.8 for all tip-speed 
ratios. 
The parameters defining the basic rotor system a r e  as follows: 
y' . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1.6 
xc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0.2 
(On/.>F. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1.0 
5 F . m  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0 
(Wn/a)L(Xt=0.05) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0.28 
EL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0 
63,deg . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0 
Variables Considered 
As pointed out in reference 3, the predominant factor affecting blade-motion sta- 
bility is the negative or  destabilizing aerodynamic spring forces which a r e  produced in 
the forward quadrants of the rotor disk (J/  = 90° to 270O). It was shown in reference 4 
that the negative aerodynamic spring moment neutralizes the centrifugal restoring 
moments in the forward quadrants at tip-speed ratios below 1.0 for blades with a mass 
constant greater than 1.0. Thus, methods of hub design which increase restoring spring 
forces or increase damping should delay blade-motion divergence. 
sidered herein a r e  not intended to include all methods for delaying divergence but do 
indicate the relative improvement which may be achieved without resorting to sophisti- 
cated feedback mechanisms. 
The parameters con- 
The hinge restraints were added without consideration of the structural loads since 
this analysis is a rigid-blade analysis to establish trends and is not a design analysis. 
Of course, methods which involve blade-root restraint must be evaluated on the basis of 
detailed structural design and the improvement in stability could obviously be limited by 
the structural integrity of the rotor system. 
The parameters considered herein a r e  as follows: 
(1) Blade mass factor 
(2) Blade-root pocket cutout 
(3) Flapping-hinge restraint  
(4) Lead- lag-hinge restraint  
(5) Flapping- hinge cant angle 
(6) Hinge offset 
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RESULTS AND DISCUSSION 
In order  to avoid the large number of rotor configurations which may be established 
with the several parameters considered, each parameter has been considered as an inde- 
pendent variable when possible. Thus, with the exception of the two hinge offset dis- 
tances, the parameters have been evaluated as to their effect on the divergence tip-speed 
ratio of a specific rotor system for specified initial conditions. The hinge points could 
not be changed independently in all cases  since the constraints of the equations require 
the lagging hinge to be coincident with or inboard of the blade-root pocket cutout and the 
flapping hinge coincident with or inboard of the lagging hinge (that is, x i  5 xt 9 XC). 
gence tip-speed ratio and then the effect of a specified combination of parameters is 
evaluated at more conventional tip-speed ratios. 
The results a r e  presented for the effects of the individual parameters on the diver- 
Effect of Blade Mass Constant and Initial Conditions 
The blade mass constant was used as a variable in reference 3 and boundaries were 
established for disturbances at two initial azimuth angles. Figure 2, which was taken 
from the reference, illustrates the trend of blade-motion stability with varying mass 
constant . 
Since the mass constant y' is inversely proportional to blade inertia (that is, high 
inertia produces a low mass constant), the trends illustrated indicate an improvement in 
blade-motion stability with increasing blade inertia. 
Figure 2 also indicates a sizable increment in the tip-speed ratio for divergent 
motion for the two initial azimuth angles selected. In order to establish the variation in 
the stability boundary as the initial azimuth angle is changed, a 0.2-radian flapping-angle 
disturbance was introduced around the azimuth for a rotor with a mass constant of 1.6. 
The resulting boundary is presented in figure 3. The variation of the boundary verifies 
what might be expected; rotor stability is highly dependent on the location of the dis- 
turbance input and the advancing side of the disk (@ = Oo to 180°) is more critical in this 
regard. (See ref. 4.) This condition occurs because the aerodynamic spring forces a r e  
destabilizing in the forward quadrants of the disk and are extremely strong in the second 
quadrant (I) = 90° to 1800). 
On the retreating side of the disk (I) = 180° to 3600), the boundary is relatively 
insensitive to the location of the disturbance as indicated; however, an a rea  below the 
divergence boundary produced a limit cycle motion in that the flapping motion reached a 
steady- state limited-amplitude response. 
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Since the boundary in figure 3 indicates that the region near 90° azimuth is most 
critical for a displacement disturbance, it is of interest to evaluate the effect of initial 
disturbance amplitude Bo on the divergence boundary. This effect was evaluated in 
reference 4 and the resulting boundary is shown in figure 4. The results show an 
increase in the divergent tip-speed ratio for decreasing disturbance amplitude Po. A 
comparison of figures 3 and 4 shows that a disturbance amplitude of 0.2 radian intro- 
duced on the retreating side of the disk is roughly equivalent to a 0.02-radian disturbance 
introduced at 90° azimuth. 
The sensitivity of the boundary at q0 = 90' for varying disturbance amplitudes 
is somewhat analogous to the change in stability which would occur for a lifting rotor. 
Fo r  example, if the rotor lift produced a maximum flapping angle at Q0 = 90° equivalent 
to those shown in figure 4 o r  if the flapping due to lift plus flapping due to a disturbance 
(such as a gust) produced the required angle, the rigid-blade motion would diverge. 
Effect of Blade-Root Pocket Cutout 
The adverse effects on performance of inboard aerodynamics of a rotor at high tip- 
speed ratio have been demonstrated previously. (See ref. 5.) In the same manner, blade- 
root pocket cutout offers a means of improving the stability characteristics by eliminating 
or decreasing undesirable aerodynamic forces on the inboard portion of the rotor as is 
illustrated in figure 5. Blade-root pocket cutout reduces both the aerodynamic spring 
and damping forces by an amount dependent on the blade spar  and/or cuff design. The 
trends presented herein do not consider the root-spar aerodynamics and, consequently, 
a r e  somewhat optimistic. 
Although the cutout diminishes both the destabilizing spring forces and the stabil- 
izing damping forces in the forward quadrants, the relative effects are not the same. 
For  example, at IF/ = 180°, the aerodynamic spring force is a function of V s in  p, which 
is constant along the blade, whereas the damping force is a function of br and for small 
values of r, very little damping force is developed. Thus, blade-root pocket cutout pro- 
vides a means for reducing the aerodynamic spring forces without appreciably reducing 
the blade damping moment. 
Effect of Flapping-Hinge Restraint 
Spring restraint.- The addition of a spring restraint  is equivalent in some respects 
to eliminating the hinge. In addition, by proper selection, hinge offset and spring 
restraint may be used to represent the cantilevered blade first-bending-mode shape as 
pointed out in reference 6. 
The results obtained for the addition of a spring restraint  with no hinge offset are 
presented in figure 6 as a function of the frequency ratio of the flapping motion which was 
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obtained by the following expression: 
The spring constant KSF was adjusted 
rotational speed was decreased. 
The results indicate a near-linear 
= ( 1 + -  I;$2 
to maintain a constant frequency ratio as the 
increase in the divergence boundary with 
increasing frequency (that is, a higher spring constant). For frequency ratios from 1.0 
to approximately 1.5, the blade flapping-hinge motion diverges, whereas above 1.5, the 
lagging motion becomes divergent. 
results from the Coriolis acceleration terms in the lead-lag equation of motion reaching 
magnitudes large enough to cause very high inplane amplitudes. As evidenced by the 
slight decrease in the slope of the boundary at the higher frequency ratios, the lag dis- 
turbance is apparently approaching a limiting value which causes a very rapid divergence 
of the lag motion. It should again be emphasized that structural considerations would 
limit the degree of restraint  which can be incorporated into a blade design and thus the 
improvement achieved would depend on such considerations. 
This change in the mode of divergence apparently 
Damper restraint.- The extension in the divergence boundary for increased 
flapping-hinge damping is presented in figure 7. These results indicate a rapid improve- 
ment in the tip-speed ratio at which divergence occurs for up to 20 percent of critical 
viscous damping. Above 20 percent, the increased damping does not produce any sub- 
stantial increase in the divergence tip-speed ratio. This decrease in flapping-damper 
effectiveness is due to the buildup in amplitude of the inplane motion until it becomes the 
divergent mode. Even though there is adequate damping to prevent a flapping divergence, 
the initial flapping response apparently produces inplane Coriolis accelerations large 
enough to cause divergence similar to that encountered with the flapping-hinge spring 
restraint  . 
It is apparent from the results presented in this section that realization of the total 
benefit of either type of flapping restraint  will require an inplane restraint. These 
restraints a r e  investigated in the following section. 
Effect of Lead-Lag-Hinge Restraint 
Spring restraint.- The effect of lag-hinge spring restraint  on the divergence bound- 
ary is presented in figure 8. 
ratio given by the following expression: 
These results a r e  presented as a function of the frequency 
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where 
- Spring constant P =  KSL - 
Z I h G  
3 x2 a 2  Centrifugal spring constant 
The base point of the boundary occurs at a frequency ratio of 0.28 which corre- 
sponds to the basic inplane natural frequency for a 0.05 lag-hinge offset. As the fre-  
quency ratio is increased by increasing the lag-hinge spring constant, there is an initial 
improvement in the divergence boundary; however, as the frequency ratio approaches 1.0, 
the tip-speed ratio fo r  convergent motion is reduced significantly. Above a frequency 
ratio of 1.0, the boundary again shows an improvement. At frequency ratios approaching 
2.0, the blade undergoes a pure divergence in the flapping mode. This type of nonoscilla- 
tory divergence will be discussed further in the section considering lag-hinge damping 
restraint. 
Accompanying the reduction in the divergence boundary for frequency ratios near 
1.0 was an a rea  below the boundary wherein a limit cycle motion was encountered. This 
a rea  is outlined in figure 8. The blade-motion characteristic of the points used to 
establish this a rea  was a steady-state, - -per-revolution flapping motion. Even though 
the expected flapping response should be of zero amplitude below the boundary, there 
exists an a rea  where there is a self-excited nondivergent flapping motion which attains 
a steady-state amplitude. 
with the numerical technique used herein, it is not feasible to define them without prior 
knowledge of the approximate conditions required. 
1 
2 
There is the possibility of other such areas existing; however, 
Damper restraint.- The results obtained for the addition of an inplane damper a r e  
presented in figure 9. The trends indicated a r e  similar to those obtained with the addi- 
tion of flapping-hinge damping (see fig. 7); however, the mode of divergence differs for 
the two cases. As mentioned previously, the effectiveness of the flapping-hinge damper 
is limited by the divergent inplane mode at damping ratios above 0.2, whereas the bound- 
ary for the lag damper results in all cases  from a divergent flapping mode. In fact, 
above a damping ratio of 1.0, the blade-flapping motion undergoes a pure divergence (that 
is, nonoscillatory) when released with the specified initial conditions. This condition was 
also shown to be true for the lag-hinge spring restraint. (See fig. 8.) Thus, the bound- 
a r ies  established for either lag-hinge spring restraint  o r  damping restraint  appear to be 
approaching an asymtote which is in the region of the flapping divergence boundary 
established for a single-degree-of-freedom flapping rotor. As pointed out in reference 2, 
flapping instability occurs at a tip-speed ratio of 2.0 for a blade with the mass factor 
used herein. 
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Just as the effectiveness of flapping-hinge restraint  was limited by lag-motion 
divergence, the effectiveness of lag-hinge restraint  is similarly seen to be limited by 
flapping-motion divergence. It would appear, therefore, that a combination of both types 
of restraints would prove most effective in extending the divergent boundary. 
Effect of Flapping-Hinge Cant Angle 
Blade pitch-flap coupling represents one of the simplest feedback mechanisms 
which can be incorporated on a rotor, and since its function is to reduce blade loading 
with increasing flapping angle, it may be considered as being analogous to increasing the 
spring stiffness. The spring constant is nonlinear since the aerodynamic forces pro- 
duced a re  a function of both blade azimuth position and tip-speed ratio. In addition, in the 
reversed velocity region the effect of positive 63 
spring effect. Nevertheless, increasing the flapping-hinge cant angle provides a very 
effective mechanism for extending the divergence boundary for an articulated rotor as is 
illustrated in figure 10. The nonlinearities which exist in the boundary are apparently 
dependent on the mode of divergence. In all cases, both the flapping and lagging ampli- 
tudes were very large and for the 63 angles considered, the mode of divergence alter- 
nated between the two degrees of freedom. 
is reversed and produces a negative 
A comparison of the boundary for flapping-hinge spring restraint (fig. 6) and the 
boundary for flapping-hinge cant angle (fig. 10) indicates that approximately 40’ hinge- 
line cant is equivalent to doubling the frequency ratio by the addition of blade-root spring 
restraint  . 
Effect of Hinge Offset 
Lag-hinge offset.- ~ As pointed out earlier,  the constraints of the equations con- 
sidered require the lag hinge to be coincident with or inboard of the blade-root pocket 
cutout; thus, the lag hinge could only be moved outboard beyond 0.2R without introducing 
the additional effect of cutout. In order to consider higher values of hinge offset, it was 
necessary to alter the base-line cutout parameter of the rotor. Thus, two boundaries 
a r e  established for increasing hinge offset. One is for the rotor system with 0.2R cut- 
out and the second with 0.5R cutout. Both boundaries a r e  presented in figure 11 as a 
function of the inplane frequency ratio as obtained from the following expression: 
It should be noted that the mass  m was held constant from the flapping hinge out to the 
blade tip regardless of lag-hinge location so  that the blade inertia about the flapping hinge 
is constant. The inertia about the lag hinge is, however, decreased. 
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A comparison of the boundary for lag-hinge spring restraint  (fig. 8) and the lower 
boundary of figure 11 (xc = 0.2) indicates essentially the same trend in the stability bound- 
ary for equal frequency ratios as might be expected. The upper boundary (xc = 0.5) 
follows the same trend up to a frequency ratio Wn/s2 = 0.6; however, the base point of 
the stability boundary is shifted upward as a result  of the effect of increasing blade-root 
pocket cutout. As the frequency ratio is increased above 0.6 by increasing lag-hinge 
offset, the same decrease in the boundary which occurred with lag-hinge spring restraint  
is observed. For  the conditions evaluated, however, the rotor did not exhibit the limit 
cycle motions that were observed for the conditions where lead-lag-hinge spring restraint 
was used to alter the frequency ratio. 
Flapping-hinge offset.- Variations in flapping-hinge offset were accomplished 
within the constraints by increasing the lag-hinge offset out to 0.2R. 
hinge offset extends the base-line boundary to a tip-speed ratio of approximately 1.7 as 
is indicated in figure 11. 
The change in lag- 
Changes in flapping-hinge offset distance also produce significant changes in the 
effective inertia about the flapping hinge. 
center line of rotation to 0.2R reduces the flapping inertia by approximately 50 percent 
if the blade mass per unit length remains constant. Thus, in order to isolate the effect 
of changes in the stability boundary due to flapping-hinge offset, the blade mass per  unit 
length was increased so that the effective flapping inertia remained constant. The 
results a r e  presented in figure 12. Also included in the figure is the boundary which was 
obtained for hinge variations with a constant mass per unit length. 
For example, moving the hinge offset from the 
The boundaries are presented as a function of the flapping natural frequency ratio 
obtained by the following expression: 
A comparison of the results presented in figure 6, wherein the frequency ratio was 
increased by spring restraint, with the results of figure 12, indicates approximately the 
same incremental extension in the boundary as the frequency ratio is increased. 
extension is achieved, however, at the expense of increased blade weight in order to main- 
tain the same flapping inertia. On the other hand, if the offset from 0 to 0.2R is accom- 
plished while constant mass  per  unit length is maintained, there is a decrement in the 
boundary. The incremental decrease in tip-speed ratio, in fact, is about the same as 
indicated in figure 2 for  the case where the blade mass constant is increased from the 
base-line value of 1.6 to about 3.2 (corresponding to a 50-percent reduction in flapping 
inertia). 
be desirable in order to obtain the maximum flapping inertia without increasing the blade 
weight. 
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This 
It would appear from these results that a minimum flapping-hinge offset would 
I 
Effect of Selected Combination of Parameters  
In order to assess  the overall effectiveness of combining methods for extending 
the stability boundary, a selected combination of the design parameters was evaluated 
and compared with the total extension which would be expected if the individual incre- 
ments could be added linearly. 
The rotor-hub parameters selected for this evaluation and the approximate incre- 
ment achieved on an individual basis a r e  shown in the following table: 
Parameter 
Blade-root pocket cutout 
Flapping - spring restraint 
Flapping-damper restraint  
Lag-spring restraint  
Lag -damper restraint 
Flapping-hinge cant angle 
Total increment 
Value selected 
0.1 
.3 
.5 
.3 
.7 
1.3 
3.2 
Again, the indicated frequency and damping ratios were maintained as rotational 
The total increment speed was reduced by adjusting the spring and damper constants. 
from the preceding table is A(V/QR) = 3.2. This increment plus the base-line tip-speed 
ratio of 1.4 indicates an extension of the divergence boundary to V/QR = 4.6. 
The combined parameters did not produce the total extension which might be antic- 
ipated on the basis of the linear combination of the individual increments. 
flapping amplitude exceeded the 90' criterion at a tip-speed ratio of approximately 4.2. 
In fact, the 
A s  previously mentioned, the damping and spring constants were varied in order to 
maintain the desired frequency and damping ratios. In practice, however, changing rota- 
tional speed in order to maintain constant tip Mach number for all tip-speed ratios will 
also change both the frequency ratio and the damping ratio about the two hinges. In order 
to show the effect of the changing frequency and damping ratios as the rotor rotational 
speed is reduced, the spring and damper constants were selected so that the frequency 
and damping ratios indicated in the preceding table a r e  valid at a tip-speed ratio of 1.0. 
With the constants fixed in this manner, the tip-speed ratio was progressively increased 
until the blade motion became divergent. 
The results a r e  presented in figure 13 as a boundary showing the effect of initial 
disturbance amplitude. Also included is the boundary from figure 4 for the basic rotor 
without hinge restraints or  63. These data indicate that the constrained rotor is stable 
for tip-speed ratios 4 to 5 times as high as the basic rotor. This large difference in the 
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divergence boundaries should also be indicative of a reduction in the response sensitivity 
at lower tip-speed ratios. 
Response Sensitivity of a Constrained Rotor 
As an example of the reduction in blade-motion response which may be achieved 
by incorporating hub restraints, the rotor system defined in the preceding section was 
subjected to shaft angle-of-attack step inputs with q0 = 0' and the maximum peak-to- 
peak amplitude of the ensuing motion was obtained. The results a r e  presented in fig- 
u re  14 for a tip-speed ratio of 1.0 and a tip Mach number of 0.8. The response of the 
rotor without restraints is also included for comparison. 
The data in figure 14 indicate a sizable reduction in amplitude of the transient 
response for the constrained rotor as compared with the basic rotor. If, for example, 
1 5 O  amplitudes represented the point at which the blade would strike the flapping stops, 
the basic rotor would reach this limit with very small disturbances. On the other hand, 
the constrained rotor does not exceed an amplitude of loo for a 6' change in angle of 
attack. Since an angle-of-attack change of 6 O  is equivalent to a vertical gust of approxi- 
mately 47 feet per second, the constrained rotor would have to be subjected to the most 
extreme disturbance before encountering the 15' limit. Again it should be pointed out 
that the restraints have been incorporated without consideration of the structural aspects, 
which could, of course, limit the degree of restraint  which can be incorporated into a 
blade design. 
CONCLUDING REMARKS 
The blade-motion stability of a fully articulated rotor has been examined by use of 
a numerical solution to the coupled, nonlinear, rigid-blade equations of motion utilizing 
uniform inflow and two-dimensional airfoil characteristics. 
variations in the magnitude or initial azimuth of the disturbance can produce large changes 
in the tip-speed ratio for divergent motion. 
The results indicate that 
Methods of extending the divergence boundary were also examined. Blade-root 
pocket cutout w a s  shown to provide some improvement in the tip-speed ratio for  diver- 
gent motion. Spring and damping restraint  on either the flapping hinge or the lag hinge 
were also shown to be effective. These restraints,  however, may be limited in effective- 
ness by the structural integrity of the system. Flapping-hinge cant angle proved to be 
most effective in delaying divergence, and from the standpoint of structural considera- 
tions, could be utilized more fully than the physical restraints such as springs and 
dampers. 
I 
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Lag-hinge offset provided about the same improvement at comparable lag-frequency 
ratios as was achieved by increasing the lag-hinge spring constant. On the other hand, 
increasing flapping-hinge offset produced a decrement in the tip-speed ratio for diver- 
gence unless the blade mass was increased in order to maintain a constant blade inertia 
about the flapping hinge. 
A combination of the individual restraints increased the divergence boundary to 
tip-speed ratios 4 to 5 t imes as high as the unconstrained rotor. In addition, the flapping 
response to vertical gusts was reduced by over 75 percent at a tip-speed ratio of 1.0 as a 
result  of the restraints used. 
Langley Research Center, 
National Aeronautics and Space Administration, 
Langley Station, Hampton, Va., December 11, 1968, 
721-01-00-29-23. 
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Figure 1.- Geometry of rotor hub. 
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Figure 2.- Effect of blade mass constant on  blade-motion stability. Bo = 0.2 rad. 
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Figure 3.- Effect of in i t ia l  azimuth angle on blade-motion stability. Po = 0.2 rad. 
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Figure 5.- Effect of blade-root cutout on blade-motion stability. 
3.  o 
2. 6 
2. 2 
1. 8 
1. 4 
Unstable 
Stable 
t I -  I 1 . _ I  1. 0 
1. 0 1. 2 1. 4 1. 6 1. 8 
Frequency ratio, (W /.CUF n 
2. 0 
Figure 6.- Effect of flapping-hinge spring restraint  on blade-motion stability. 
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Figure 7.- Effect of flapping-hinge damping restraint on blade-motion stability. 
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Figure 8.- Effect of lag-hinge spring restraint  o n  blade-motion stability. 
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Figure 9.- Effect of lag-hinge damping restraint on blade-motion stability. 
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Figure 10.- Effect of f lapping-hinge cant angle o n  blade-motion stability. 
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Figure 11.- Effect of lag-hinge offset on blade-motion stability. 
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Figure 12.- Effect of flapping-hinge offset on blade-motion stability. 
26 
10 
8 
6 
4 
2 
0 
0 
With restraints 
Stable 
0 0 4  08 12 
Po, radian 
16 
Figure 13.- Effect of combined restraints on blade-motion stability. #o = 900. 
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Figure 14.- Flapping-amplitude response to a shaft angle-of-attack step input. V/RR = 1.0: $o = Oo. 
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